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Abstract
Based on the assumption that the warp factor of four-dimensional spacetime and the one of fifth dimension are tied through
a parameter α, we consider five-dimensional gravity with a 3-brane coupled to a bulk scalar field. For arbitrary value of α, the
form of the warp factor is implicitly determined by hypergeometric function. Concretely, we show that the warp factor becomes
explicit form for appropriate value of α, and study the relation between four-dimensional effective Planck scale and the brane
tension. This setup allows the possibility of extending the diversity of brane world.
1. Introduction
After Hora˘va–Witten model in eleven-dimensional
SUGRA theory with two-branes on S1/Z2 was pro-
posed [1,2], the path for the study of brane world
scenario opened rapidly. Especially, in the framework
of five-dimensional theory with warp factor [3–6]
(warped metric function) which is exponential damp-
ing function of fifth dimension compactified on S1/Z2
orbifold, Randall and Sundrum suggested that the ori-
gin of the hierarchy problem comes from the warped
geometry of the extra dimension. This scenario ap-
peals to the possibility of an extra dimension limited
by two 3-branes with tensions of opposite sign [3].
Moreover, if fifth dimension is not compactified, mass-
less graviton is localized on the brane and this setup
has usual four-dimensional gravity law at large dis-
tance [4].
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The Randall–Sundrum scenario including a bulk
scalar field has been proposed [7,8]. Identifying the
scalar field with dilaton field, the scenario is inspired
by string theory [9], sequentially, the solutions to the
cosmological constant problem are very actively being
investigated [10,11]. In recent Letters, the self-tuning
mechanism of the cosmological constant has been sug-
gested [12,13]. The self-tuning idea allows a flat space
solution without fine-tuning between input parameters
in Lagrangian. Moreover, the study of cosmology in
the framework of Randall–Sundrum scenario is widely
performed, for instance, inflation in five-dimensional
universe [14,15], a cosmology with radion stabiliza-
tion [16] and with a localized graviton [17]. Thus it
is expected that the Randall–Sundrum scenario has
the possibilities of making a breakthrough in particle
physics or cosmology, and we are very interested in
the form of the warp factor because the setup of the
scenario is based on the ansatz for metric.
In this Letter, we point out that the form of the
warp factor has various types in the framework of
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five-dimensional gravity with a 3-brane coupled to
a bulk scalar field. As for metric, we make the
assumption that the warp factor of four-dimensional
spacetime and the one of fifth dimension are related
through a parameter α defined in Ref. [18]. This
metric corresponds to an extension of metric in the
original Randall–Sundrum model and a new path
will open the study of warp factor which is solution
of Einstein equations. This is because the metric
taken here corresponds to the most general metric
appearing to SUGRA theories. In Ref. [9], it was
shown that Randall–Sundrum brane-worlds arise from
extremal D-brane configuration. Moreover, from a
field theory point of view these brane-worlds consist
of a warped geometry with a bulk scalar field, and the
dual theories turn out to be non-conformal. To study
the connection between Randall–Sundrum model and
SUGRA theories, it is important to investigate various
types of warp factor in the setup with bulk scalar
fields. As a result of investigation, for arbitrary value
of α, the form of warp factor with dependence of fifth
dimension is implicitly determined by hypergeometric
function [18]. Moreover, for particular value of α,
we show that the explicit form of the warp factor
and scalar field have variety. Under the assumption
of infinite fifth dimension, it is important to study
whether effective Planck scale is finite or not.
This Letter is organized as follows. In Section 2,
we describe an action of the model and an ansatz
for metric considered here. Solving the equations
of motion, we obtain general form of warp factor
controlled by both a parameter α and the sign of
bulk cosmological constant. In Section 3, we explore
the warp factor for four cases, where α = 0,8,12
and vanishing cosmological constant are described,
separately. For each case, we compute the effective
Planck scale, brane tension and the relation between
these. A conclusion is given in final section.
2. The model
We consider the following action
S =
∫
d5x
√−G
{
1
2κ25
R− 1
2
(∇φ)2 −Λ
}
(1)+
∫
d4x
√−g {−f (φ)},
where Λ is the cosmological constant in the bulk
and 1/κ25 =M3∗ , M∗ is the fundamental scale of five-
dimensional theory. Here G is the five-dimensional
metric and g is the induced four-dimensional metric
on the brane which is located at y = 0, where y is
the coordinate of fifth dimension. In the second term,
f (φ) represents a brane tension coupled to a scalar
field. We take the ansatz for metric [18]
ds2 = e2A(y)gµν dxµ dxν + e2αA(y) dy2
(2)≡GMN dxM dxN,
where gµν = diag(−,+,+,+). Note that the warp
factor with y-dependence of four-dimensional space-
time and the one of fifth dimension part are tied
through a parameter α.
With the metric, the equations of motion are given
by
A′′ + (2− α)(A′)2
(3)
=−κ
2
5
3
{
1
2
(φ′)2 + e2αAΛ
}
− κ
2
5
3
eαAf (φ)δ(y),
(4)(A′)2 = 1
12
κ25 (φ
′)2 − κ
2
5
6
e2αAΛ,
(5)(4− α)A′φ′ + φ′′ = eαA ∂f
∂φ
δ(y),
where the prime represents the derivative with respect
to the y . From Eqs. (4) and (5), the equations in the
bulk are expressed as
(6)φ′ = ce(α−4)A,
(7)A′ = 
√
3
6
κ5|c|e(α−4)A
√
1− 2Λ
c2
e8A.
Hence c is the integration constant and  =±, where
the sign  determines the branch of the square root.
From Eqs. (6) and (7), we obtain the solution for a
scalar field
(8)φ(y)=  c|c|
2
√
3
κ5
A(y)+ k
for Λ= 0, and
(9)φ(y)=− c|c|
√
3
2κ5
tanh−1
√
1− 2Λ
c2
e8A(y)+ l
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for Λ = 0. Here k and l are the integration constants.
Consequently, A(y) is expressed as [18]
e(4−α)A2F1
(
1
2
,
4− α
8
; 12− α
8
; 2Λ
c2
e8A
)
(10)= 
√
3
6
κ5|c|(4− α)(y + d),
for α = 4,12. Here d is the integration constant and
we can take normalization condition A(0)= 0. In the
case of α = 4,12, since we cannot use the integral rep-
resentation of hypergeometric function due to vanish-
ing of second or third argument, A(y) can be directly
obtained by the integration of Eq. (7). The case of α =
4 was investigated in Ref. [18], we obtained the warp
factor without having a singularity and showed that the
bulk cosmological constant is bounded by both finite
effective Planck scale and five-dimensional fundamen-
tal scale. Mathematically, adopting specific value of α,
the hypergeometric function can be described explic-
itly in terms of elementary function. 1 As mentioned
later, we describe concrete form of warp factor.
Due to delta function in Eqs. (3) and (5), the jump
conditions with respect to the first derivative of A and
φ can be obtained. We get the following results for the
jump conditions using Eqs. (3) and (5)
+
1
d˜+
− − 1
d˜−
= ∂f
∂φ
(
φ(0)
)
,
+
√
1
d˜2+
− 2Λ − −
√
1
d˜2−
− 2Λ
(11)=− 2√
3
κ5f
(
φ(0)
)
,
where
1
d˜±
= 6√
3κ5(4− α)
(12)× 2F1
(
1
2
,
4− α
8
; 12− α
8
; 2Λ
c2±
)
1
d±
.
We denote the sign and the integration constants for
the positive region (y > 0) by +, c+, d+ and those
1 Examples of the hypergeometric function represented by ele-
mentary function:
2F1
( 1
2 ,
1
2 ; 32 ;−z2
)= sinh−1 zz ,
2F1
( 1
2 ,− 12 ; 12 ; z2
)= cos(sin−1 z),
2F1(a, b; c;0)= 1.
for the negative region (y < 0) by −, c−, d−. Using
the above equations, we can obtain the brane tension
at y = 0.
Furthermore, if the fifth dimension is assumed to
have Z2 symmetry, we can impose the condition
+ = −− and c+ = −c− = c. Integrating out the
fifth dimension, the four-dimensional effective Planck
scale is given by
M2Pl =
1
κ25
∣∣∣∣
∫
dy e(2+α)A(y)
∣∣∣∣
(13)
=
√
3
2κ35 |c|
∣∣∣∣
[
t62F1
(
3
4
,
1
2
; 7
4
; 2Λ
c2
t8
)]t=eA+(rc)
t=1
∣∣∣∣,
where A+ corresponds to the function for positive
region (y > 0). From the second line in Eq. (13), the
effective Planck scale is represented not in terms of
α but in terms of A. Thus, the finite effective Planck
scale is determined by both the sign of Λ and the value
of warped metric function at y = rc. In this setup, since
we consider the case of infinite fifth dimension, the
limit of rc →∞ must be taken. Below, we investigate
the form of warp factor and the finite effective Planck
scale for four specific values of α.
3. Solutions
We study the two cases of α = 0,8 where the
hypergeometric function in Eq. (10) is represented by
elementary function, and the case of α = 12 where
hypergeometric function cannot be used, and the case
of vanishing bulk cosmological constant, separately.
Our setup is based on the assumption that the fifth
dimension is not compactified with Z2 symmetry. For
four cases, we obtain the warp factor and estimate the
brane tension (V = f (φ(0))) and four-dimensional
effective Planck scale MPl.
3.1. Case I
For α = 0 and Λ < 0, from footnote 1, we can
obtain the warp factor as follows
(14)e4A± = |c|√
2|Λ| sinh
(
±2
√
6|Λ|
3
κ5(y ± d)
)
,
360 M. Ito / Physics Letters B 524 (2002) 357–362
where plus (minus) corresponds to the function for
y > 0 (y < 0) region. The condition A(0)= 0 yields
(15)sinh 2
√
6|Λ|
3
κ5d =
√
2|Λ|
|c| .
Moreover, the jump condition at y = 0 leads to the
relation between the brane tension V and the bulk
cosmological constant Λ
(16)V =−
√
3(c2 + 2|Λ|)
κ5
.
From Eq. (13), we get
M2Pl =
2
√
3
3κ35 |c|
∣∣∣∣
( |c|√
2|Λ|
)3/2
s3/2F
(−s2)
(17)− F
(
−2|Λ|
c2
)∣∣∣∣,
where 2F1
( 3
4 ,
1
2 ; 74 ; z
)≡ F(z) and we defined
(18)s = sinh 2
√
6|Λ|
3
κ5(rc + d).
Since infinite fifth dimension corresponds to the limit
of s → ∞, Eq. (17) leads infinite effective Planck
scale. Namely, in order to obtain the finite of effec-
tive Planck scale, it is necessary to consider the setup
including another 3-brane at y = rc with finite fifth di-
mension. Furthermore, from Eq. (9), the scalar field is
infinite everywhere due to negative cosmological con-
stant in the bulk. Therefore, this case is excluded. The
case of α = 0,Λ > 0 had been already investigated
[7,8].
3.2. Case II
For α = 8 and Λ> 0, from footnote 1 and Eq. (10),
we have
(19)e8A± =
[
2Λ
c2
+ 4
3
k25c
2(y ± d)2
]−1
.
Imposing the condition A(0) = 0, we obtain the
condition for the integration constants
(20)2Λ
c2
+ 4
3
k25d
2c2 = 1,
and the jump condition at y = 0 yields the brane
tension
(21)V = 2c2d.
From the above equations, the integration constant d
can be eliminated as follows
(22)2Λ+ 1
3
κ25V
2 = c2.
Thus, the brane tension is given by
(23)V =±
√
3(c2 − 2Λ)
κ5
,
therefore, the cosmological constant in the bulk is
bounded
(24)0 <Λ c
2
2
.
In this case, effective Planck scale is expressed as
(25)M2Pl =
2
√
3
3κ25 |c|
∣∣∣∣u−3/4F
(
2Λ
c2u
)
− F
(
2Λ
c2
)∣∣∣∣,
where we define u by
(26)u= 2Λ
c2
+ 4
3
κ25c
2(rc + d)2.
Infinite fifth dimension (u→∞) yields finite effective
Planck scale
(27)M2Pl =
2
√
3
3κ35 |c|
F
(
2Λ
c2
)
.
Using Eq. (24) and the fact that
0 <F(z)
Γ
( 1
2
)
Γ
( 7
4
)
Γ
( 5
4
) ∼ 1.8 for 0 < z 1,
(28)M2Pl ∼
M9/2
|c| .
From Eq. (23), the bulk cosmological constant be-
comes
(29)2Λ∼ M
9∗
M4Pl
− V
2
3M3∗
,
and the condition Λ > 0 leads to the following
inequality
(30)M∗ >V 1/6M1/3Pl .
Thus, effective Planck scale is finite and the lower
bound of five-dimensional fundamental scale is de-
scribed in terms of both the brane tension and the ef-
fective Planck scale. Eqs. (29) and (30) are as same as
the case of α = 4 in Ref. [18]. Moreover, using Eqs. (9)
and (19), the scalar field in the bulk is described in
terms of y .
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3.3. Case III
For α = 12, since third argument of the hypergeo-
metric function in Eq. (10) is zero, we directly inte-
grate Eq. (7). The solution is given by
tanh−1
√
1− 2Λ
c2
e8A± + c
2
2Λ
e−8A±
√
1− 2Λ
c2
e8A±
(31)=±2
√
3k5|c|3
3Λ
(y ± d),
using A(0)= 0, we get
(32)
tanh−1
√
1− 2Λ
c2
+ c
2
2Λ
√
1− 2Λ
c2
= 2
√
3k5|c|3
3Λ
d.
Note that this solution only makes sense when the
argument of inverse function of hyperbolic tangent is
smaller than unity, namely,
(33)0 <Λ c
2
2
.
From the above equations, the brane tension is ex-
pressed as
(34)V =
√
3(c2 − 2Λ)
k5
.
In infinite fifth dimension, from Eq. (31), we get
eA(∞) = 0. Taking account of the range of Λ in
Eq. (33), the effective Planck scale is expressed as
(35)M2Pl ∼
1
κ35 |c|
= M
9/2∗
|c| .
This result is as same as the case of α = 8. Namely,
the relation between effective Planck scale and brane
tension is Eq. (29). Using Eqs. (9) and (31), the
relation between bulk scalar field and y can be
obtained.
3.4. Case IV
For Λ= 0 and α = 4, we obtain the following warp
factor
(36)A±(y)= 14− α ln
[
±|4− α|
2
√
3
κ5|c|(y ± d)
]
,
therefore, using the condition A(0) = 0, the brane
tension is expressed as
(37)V =±
√
3 |c|
κ5
,
where the sign + (−) corresponds to the case of α > 4
(α < 4).
The effective Planck scale is
(38)M2Pl =
√
3
2κ35 |c|
∣∣v 64−α − 1∣∣,
where v ≡ κ5|c|
2
√
3
|4− α|(rc + d). In infinite fifth dimen-
sion (v→∞), the finite of effective Planck scale is
determined by the sign of exponent of v in Eq. (38).
Namely, for α < 4, this case must be excluded be-
cause the effective Planck scale is infinite. However,
for α > 4, the effective Planck scale is finite
(39)M2Pl ∼
M6∗
V
,
where we used the result of Eq. (37). Obviously,
vanishing brane tension leads infinite effective Planck
scale. If the brane tension is TeV scale, five-dimen-
sional fundamental scale becomes
(40)M∗ ∼ 108 GeV.
In addition, using Eqs. (8) and (36), the scalar field
in the bulk is represented in terms of logarithmic
function. This behavior is similar to the result of
Ref. [13].
4. Conclusion
We have presented various patterns of warp factor
in brane world with a bulk scalar field. Under the as-
sumption that the warp factor eB(y) of fifth dimen-
sion is related with the one eA(y) of four-dimensional
spacetime: B = αA, we were able to find solutions of
equations of motion for specific value of α. The met-
ric taken here corresponds to the metric appearing in
SUGRA theories to be low energy effective theories
of D-brane configurations. This setup corresponds to
an extension of Randall–Sundrum type, and it may be
possible to clear the conjecture that Randall–Sundrum
model arises from the underlying theories (string or
M-theory)
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Based on a model with infinite fifth dimension, for
four cases where α = 0,8,12 as well as vanishing bulk
cosmological constant, we obtained the warp factor
and brane tension, and investigated whether effective
Planck scale is finite or not. The case of α = 0,Λ < 0
is excluded because of infinite effective Planck scale,
in addition, bulk scalar field is infinite everywhere. In
the case of α = 8,Λ > 0, warp factor has fractional
form, and finite effective Planck scale is obtained. It is
shown that bulk cosmological constant is bounded by
integration constant, and five-dimensional fundamen-
tal scale has lower bound. In the case of α = 12, finite
Planck scale, bulk cosmological constant is bounded,
and brane tension becomes positive. In the case of
α = 4,Λ = 0, both warp factor and scalar field have
logarithmic form. The case of α < 4 is excluded due to
infinite effective Planck scale. For α > 4, we pointed
out that effective Planck scale is finite, however, it is
infinite if brane tension is zero. Thus, we explored the
diversity of the five-dimensional warped geometry.
There are articles which we discuss in future.
It is necessary to study the massless gravitational
fluctuations about our classical solution obtained here.
Moreover, we are interested in cosmological evolution
for each type of warp factor. This setup can be possibly
applied to several scenarios. We will turn to these
works elsewhere.
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